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Abstract. In this paper, we compare two cohomology groups 
associated to Shimura varieties of PEL type, which are not 
^ ■ proper over the base. One is the compactly supported £-adic 

cohomology, and the other is the nearby cycle cohomology, 
fN| | namely, the compactly supported cohomology of the nearby 

cycle complex for the canonical integral model of the Shimura 
f— I ■ variety over Z p . We prove that the G(Q p )-cuspidal part of 

^ | | these cohomology groups are the same, where G denotes the 

reductive algebraic group naturally attached to the PEL da- 
tum. Some applications to unitary Shimura varieties are also 
given. 
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1 Introduction 

Study of the £-adic cohomology of Shimura varieties is an important theme in number 
theory and arithmetic algebraic geometry. Let Sh^ = Sh K (G,X) be a Shimura 
! variety associated to a Shimura datum (G, X) and a compact open subgroup K of 

G(A°°). As is well-known, it is naturally denned over a number field E, called the 
reflex field, which is canonically attached to (G,X). 

First of all, let us consider the case where our Shimura variety is compact; namely, 
Sh.K is proper over E. For an irreducible algebraic representation £ of G over Q^, 
the £-adic etale cohomology 



X 



H\Sh, Ct) = lim iP(Sh K ® E E, £ s ) 

K 

of the associated local system is naturally equipped with the action of G(A°°) x 
Gal(E/ E). By Matsushima's formula, this cohomology group is strongly related to 
the automorphic spectrum of G(A). If moreover our Shimura variety is so-called 
PEL type, namely, obtained as a moduli space of abelian varieties with several 
additional structures, then it has a natural integral model over Oe v , the ring of 
integers of the completion of E at a finite place v. This integral model, also denoted 
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by Sh^, is very useful to investigate the action of the Galois group Ga\(E/E) on 
H l (Sh, C$). If Shft- is smooth over Oe v , the proper smooth base change theorem 
says that the £-adic cohomology IP (Shu <^>eE,C^) is canonically isomorphic to the 
£-adic cohomology of the special fiber Sh.K, v of the integral model. As a result, the 
Gal(-E'/-E')-representation H l (Sh.K ®eE, C%) is unramified at v, and the alternating 
sum of the traces of Frobt,, the Frobenius element at v, on H z (Sh K ®eE, Cg) can be 
computed by the Lefschetz trace formula. Even if Sh^ is not smooth over Oe v , we 
can investigate the action of Gal(E v /E v ) on H l (Sh.K ®eE, by using the theory 
of nearby cycle functor. Such a method provides an efficient way to establish a part 
of the Langlands correspondence; see [HTOlj . [Far04j . [Man04], |Man05] . |Shill] 
and [SchlOj . for instance. The crucial point is that the properness of Sh^- over Oe v 
ensures the coincidence of the cohomology of the generic fiber and the nearby cycle 
cohomology, that is, the cohomology of the nearby cycle complex over the special 
fiber. 

Now we pass to the case where Shfc- is not compact, while is of PEL type. There 
are many interesting cases satisfying these conditions, including the modular curves 
and the Siegel modular varieties. For the £-adic cohomology of a Shimura variety 
over E, we have at least three choices; the ordinary £-adic cohomology, the compactly 
supported £-adic cohomology and the intersection cohomology. Usually we prefer the 
intersection cohomology, since it has a close relation to the automorphic spectrum 
of G(A). However, the theory of minimal compactifications tells us that these three 
cohomology groups are the same "up to induced representations" . 

Can we use the natural integral model in this case to investigate the Galois ac- 
tion on the £-adic cohomology? If Sh^ is smooth over Oe v , Fujiwara's trace formula 
|Fuj97| is a very powerful tool to carry it out. By using it, one can compute the 
alternating sum of the traces of the action of Frob„ on the intersection cohomol- 
ogy 7ir(Sh x ®££,£ 5 ); see |Mor08j . jMorlOj . On the other hand, if Sh^ has bad 
reduction, we cannot use exactly the same method as in the compact case, since 
the nearby cycle cohomology is different from the £-adic cohomology of the generic 
fiber, whichever cohomology we choose among the three mentioned above. 

The purpose of this paper is to measure the gap between the compactly supported 
cohomology (of the Shimura variety over E) and the nearby cycle cohomology, that 
is, the compactly supported cohomology of the nearby cycle complex over the special 
fiber of the integral model. Our main theorem claims that the gap is non-cuspidal 
at p, where p is the prime divisible by v. More precise statement is the following: 

Theorem 1.1 (Theorem 14.21) In the kernel and the cokernel of the natural map 
limi^(Sh^, ityA) — > lnu^(Sh K ® Ev E v , 

K K 

no irreducible supercuspidal representation of G(Q P ) appears as a subquotient. 

Recall that an irreducible smooth representation of G(Q P ) is said to be supercuspidal 
if it does not appear as a subquotient of parabolically induced representations from 
any proper parabolic subgroup. 
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In particular, for an irreducible admissible representation LT of G(A°°) such that 
Up is supercuspidal, we have an isomorphism of Ga\(E v / E v )-modu\es 



Here (— )[II] denotes the LT-isotypic part (for precise definition, see Notation be- 
low). As a result, for a representation LT as above, the contribution of it to the 
compactly supported cohomology of the Shimura variety can be investigated by 
using the nearby cycle functor. Note that the same thing holds for the ordinary 
cohomology and the intersection cohomology, since the gaps between the compactly 
supported cohomology and these two cohomology groups are non-cuspidal, as al- 
ready explained. 

If an irreducible admissible representation LT of G(A°°) has a supercuspidal local 
component ILy at a prime p' 7^ p, then it is easy to obtain an isomorphism (*) by us- 
ing the minimal compactification with hyperspecial level at p. The main difficulty to 
prove Theorem II .11 is the absence of a good compactification of our integral Shimura 
variety with higher level at p. Our main idea to overcome it is to use rigid geometry. 
Roughly speaking, the gap between the compactly supported cohomology and the 
nearby cycle cohomology can be measured by the rigid subspace of the generic fiber 
of our integral model consisting of points corresponding to abelian varieties with bad 
reduction. We will find a nice stratification on this rigid subspace to conclude that it 
is "geometrically" induced from proper parabolic subgroups of G(Q P ). To construct 
the stratification, we use the theory of arithmetic toroidal compactifications with 
hyperspecial level at p. Such compactifications were constructed by Faltings and 
Chai [FC90j for Siegel modular varieties, and by Lan |Lan08j for general Shimura 
varieties of PEL type. There is also a work by Fujiwara on this topic (cf. |FK06j 



It will be worth noting that our method is totally geometric and thus is also 
valid in the torsion coefficient case. See Theorem 14.131 for an analogue of Theorem 
11.11 with the F^-coefficients. 

We sketch the outline of this paper. In Section 2, we give some preliminary results 
for constructing a nice stratification. In Section 3, after recalling some notation 
concerning with Shimura varieties of PEL type, we give a key geometric construction; 
namely, the construction of a stratification on the rigid subspace that measures the 
gap of two cohomology groups. We also observe that this stratification behaves 
well under the Hecke action on the tower of Shimura varieties. In Section 4, we 
introduce several cohomology groups of the Shimura variety and prove Theorem 
11.11 In Section 5, we give some applications of our main result to unitary Shimura 
varieties. The authors expect that our result has more interesting applications in a 
symplectic case. We will study it in our future work. 



Notation Put Z = U P prime Z p and A°° = Z ® z Q. For a prime p, put 1? = 

lW prmi e^' and A»* = Z»'® 2 Q. 




K K 




7]). 
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Assume that we are given two locally profinite groups G and T and a prime i. For 
an admissible/continuous representation V of G x T over Q e in the sense of |HT01t 
1.2] and an irreducible admissible representation 7r of G, put V[tt] = ^^a®" 1 ^^ 
where a runs through finite-dimensional irreducible continuous Q r representations of 
T, and m^ a denotes the coefficient of [7tKI<t] in the image of V in the Grothendieck 
group GrothGxr,£(C x T) considered in |HT01| 1.2]. It is a semisimple continuous 
representation of V. 

Every sheaf and cohomology are considered in the etale topology. 

2 Rigid geometry and semi-abelian schemes 
2.1 Notation for adic spaces 

Throughout this paper, we will use the framework of adic spaces introduced by 
Huber (cf. [Hub93] . |Hub94] . |Hub96j ). Here we recall some notation briefly. 

Let S be a noetherian scheme and So a closed subscheme of S. We denote the 
formal completion of S along So by S. Put S ng = t(S) a , where t(S) is the adic 
space associated to S (cf. |Hub94t §4]) and t(S) a denotes the open adic subspace of 
t(S) consisting of analytic points. It is a quasi-compact analytic adic space. 

Let X be a scheme of finite type over S. Put X = X x s So and denote the 
formal completion of X along X by X. Then we can construct an adic space X ng 
in the same way as S ng . The induced morphism X rig — > S Tlg is of finite type. On 
the other hand, we can construct another adic space X x$ S ng . Indeed, since we 
have morphisms of locally ringed spaces (S ng , S ri g ) — > (t(S),O t (s)) — > (S,Os) 
(for the second one, see |Hub94t Remark 4.6 iv)]), we can make the fiber product 
X x s S rig in the sense of |Hub94l Proposition 3.8]. For simplicity, we write X ad for 
X x s S ng , though it depends on (S 1 , So). Since the morphism S ng — > S factors 
through S° = S\ S , we have X x s S rig = (X x s S°) x s o S Tig . In particular, X ad 
depends only on X x s S°. The natural morphism X ad — > S rig is locally of finite 
type, but not necessarily quasi-compact; see the following example. 

Example 2.1 Let R be a complete discrete valuation ring and F its fraction field. 
Consider the case where S = Spec R and So is defined by the maximal ideal of R. 
Then, for an S-scheme X of finite type, X ad can be regarded as the rigid space over 
F associated to a scheme X x$ SpecF over F . For example, (A^) ad = (A^) ad is the 
rigid- analytic affine line over F and thus is not quasi-compact. On the other hand, 
(A^) ng is the unit disc < 1" in (A^) ad , which is quasi-compact. 

Lemma 2.2 The functors X i — > X ng and X i — > X ad commute with fiber prod- 
ucts. 

Proof. For the functor X i — > X mg , it can be checked easily (cf. |Mie06[ Lemma 
3.4] and [MielObt Proof of Lemma 4.3 v)]). Consider the functor X i — > X ad . Let 
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Y — > X < — Z be a diagram of S'-schemes of finite type. What we should prove is 

(Y x x Z) x s S rig S (Y x s <S rig ) x XxsStig (Z x s S rig ). 

It is not totally automatic, since Y x x Z is not a fiber product in the category of 
locally ringed spaces. It follows from the fact that morphisms of locally ringed spaces 
Spa(A, A + ) — > SpecB correspond bijectively to ring homomorphisms B — > A 
(this fact is used implicitly in [Hub941 Remark 4.6 (iv)] to define t(S) — > S). I 

Let us compare X ng and X ad ; by the commutative diagram 

x rig — > X 
S lig — > s 

and the universality of the fiber product X x$ <S ng , we have a natural morphism 

Lemma 2.3 i) If X is separated over S, the natural morphism X ng — > X ad is 
an open immersion. 

ii) If X is proper over S, the natural morphism X ng — > X ad is an isomorphism. 

Proof. See |Hub94l Remark 4.6 (iv)]. I 

Remark 2.4 Let /: S' — > S be a morphism of finite type and S' = S' x s So. 

We denote by iS' ng the formal completion of S' along S' . Then, all constructions 

above are compatible with the base change by f. More precisely, for a scheme X 

of finite type over S, we have (X x s S') Alig = ^ rig ^' rig and (X x s S') 5 '" ad S 

X ad x <S ri g 5 /rig . Here (— ) s "" ad denotes the functor (— ) ad for the base (S', S' ), namely, 
(_)S'-ad = Xs ,s'rig_ 

The following notation is used in Section [3j In the remaining part of this sub- 
section, assume that S is the spectrum of a complete discrete valuation ring and So 
is the closed point of S. For a scheme of finite type X over S, we have a natural 
morphism of locally and topologically ringed spaces (t(X), Ct-J — > (X, Oo) (cf. 

t(X) ^ 

[Hub94, Proposition 4.1]). Note that the underlying continuous map t(X) — > X 
is different from the map t(X) — > X considered above. We denote the composite 
X ng c — > t(X) — > Xq by sp^, or simply by sp. 

Let Y be a closed subscheme of X and X the formal completion of X along Y. 
Then we can consider the generic fiber t{X) n = S° x s t(X) of the adic space t(X). 
This is so-called the rigid generic fiber of X due to Raynaud and Berthelot, in the 
context of adic spaces. If Y = Xq, then t(X) v = X ng . 

Lemma 2.5 The natural morphism t(X) v — > X ng induced from X — > X is an 
open immersion. Its image coincides with sp _1 (Y)°, where (— )° denotes the interior 
(in X rig ). 

Proof. See |Hub98bl Lemma 3.13 i)]. I 
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2.2 Etale sheaves associated to semi-abelian schemes 

We continue to use the notation introduced in the beginning of the previous sub- 
section. Let U be an open subscheme of S° — S \ So and p a prime invertible on U. 
Fix an integer m > 0. 

Let G be a semi-abelian scheme over S. Namely, G is a separated smooth 
commutative group scheme over S such that each fiber G s of G at s G S is an 
extension of an abelian variety A s by a torus T s . We denote the relative dimension 
of G over S by d. Assume the following: 

— The rank of T s (called the toric rank of G s ) with s e Sq is a constant r. 

— G[/ = G x 5 [/ is an abelian scheme. 

Under the first condition, it is known that Go is globally an extension 

— > T — ► G — ► A — )■ 0, 

where T is a torus of rank r over So and A is an abelian scheme over S ( |FC90| 
Chapter I, Corollary 2.11]). 

Let us consider two group spaces G ng [£> m ];yad and G ad [p m ];yad over f/ ad , where 
(— )j7ad denotes the restriction to U ad . 

Lemma 2.6 The adic space G ad [p m ](yad is finite etale of degree p 2dm over U ad . 

Proof. By Lemma f272l we have G ad [p m }u, d = (Gu[p m }) x v U ad . Since Gu[p m ] is 
finite etale of degree over p 2dm over U, G ad [p m ]u^d is finite etale of degree p 2dm over 
f/ ad (c/. |Hub96l Corollary 1.7.3 i)]). I 

Lemma 2.7 The adic space G rig [p m \u^a is finite etale of degree pi 2d - r ) m over [7 ad . 

Proof. We may assume that S = Spec R is affine. Let I C R be the defining ideal 
of So. By replacing i? by its /-adic completion, we can reduce to the case where R 
is /-adic complete. Put Si = Spec /?/ P +1 and Gj = G x s Si. 

By [SGA3| Expose IX, Theoreme 3.6, Theoreme 3.6 bis], the exact sequence 

— > T — )• Go — )• A — )• 

can be lifted canonically to an exact sequence 

— >■ T t — >■ Gj — >> Ai — >• 

over S^, where Tj is a torus over S, and is an abelian scheme over Si (cf. |Lan08[ 
§3.3.3]). Let T = lim. Tj and A = lini . A, be associated formal groups over S. Then 

G is an extension of A by T. 

By taking p m -torsion points, we get an exact sequence 

— ► f[p m ] — ► G[p m ] — ► A[p m ] — > 
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of formal groups over S. Since G ng \p m ] = (G[p m ]) ng , it suffices to see that (T[p m ])^ g d 
(resp. (A[p m ])^ d ) is finite etale of degree p rm (resp. p 2 ( rf - r ) m ) over [7 ad . 

First we consider (T[p m ])^ g d . Since T\p m ] = lim,(rjp m 1), it is finite flat over 

iS = Spf R. Therefore there exists a finite flat i?-algebra R' such that T[p m ] = 
Spf-R'. Moreover, a scheme T' = SpecR' is naturally equipped with a structure 
of commutative group scheme over S = Spec R. Since T' is killed by p m and p is 
invertible on U, T' v = T'x S U is a finite etale group scheme over U. By Lemma l2T3~l ii). 
we have (T[p m ]) rig = (T') Arig = T' ad = T'x s S rig . Therefore (f \p m ])% = X[/[/ ad 
is finite etale over U ad (c/. [Hub96, Corollary 1.7.3 i)]). Its degree is clearly p rm . 
The same argument also works for (A[p m ])^ g d . I 

By Lemma 12.61 and Lemma 12.71 we may regard G rig [p m ] u& d and G ad [p m ] [/ad as 
locally constant constructible sheaves over U ad . Since we have a natural open im- 
mersion G rig « — > G ad , G lig \p m ] V ad is a subsheaf of G^lp 171 ]^*. 

Remark 2.8 In the setting of Remark 12 A\ the construction above is clearly com- 
patible with the base change by / : S' — V S. 

In the remaining part of this subsection, consider the case where S = Spec R is 
the spectrum of a complete discrete valuation ring R, S is the closed point of S and 
U = S° = S \ Sq. Let fj be a geometric point lying over the unique point of £/ ad . 

As in the proof of Lemma 12.71 G is an extension 

— >f — >G — > A — >0 

of a formal group A by T. 

Lemma 2.9 The Z/p m Z-modules G rig \p m ]^ and G^lp™]^ are free of finite rank. 
Furthermore, G rig \p m ]rj (resp. T p G^ g ) is a direct summand of G ad [p m ]^ (resp. T p G^ d ) 
as a ^-module. 

Proof. First G ad [p m ]^ = Grf[p m ] is a free Z/p m Z-module of finite rank, since Gjj is 
an abelian variety. 

Next we will prove that G rig [p m ]rj is a free Z/p m Z-module of finite rank. By the 
exact sequence 

— ► f rig [p m ]^ — )• G Tig [p m ]rj — ► l rig [p m ] W — >• 0, 

it suffices to show that T Tlg [p m ]^ and y4 ng [p m ]^ are free of finite rank. By |SGA3[ 
Expose X, Theoreme 3.2], T can be algebraized into a torus T over S. Therefore, 
by Lemma [2.21 and Lemma [2.31 ii). we have 

= (T[p m ])f g = (T[p m ])f = Tj,\p m ], 
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which is obviously free of finite rank. Similar argument works for y4 rig [p m ]^, since A 
is also algebraizable (cf. |Lan08t Proposition 3.3.3.6, Remark 3.3.3.9]). 

In particular, G ng [p m ]^ is an injective Z/p m Z-module, and thus is a direct sum- 
mand of G ad [p m ]^. 

Put C = T p G^ A /T p G^ g . Then it is easy to see that 

c ®% p z/ P m z = G^n/d^n 

(use the same argument as above to conclude that T p G^ g £g>z p Z/p m Z = G Tlg [p m ]ff). 
Therefore C ®i p r L/p m 'L is a finite flat Z/p m Z-module, and thus C is a finite flat 
Zp-module. Hence C is a free Z p -module, and thus the inclusion T p G r ^ g c — > T P G^ A 
splits. Namely, T p G^ g is a direct summand of T p G^, as desired. I 

Remark 2.10 Actually, the extension — > T — > G — > A — > can be alge- 
braized; namely, there exists an exact sequence 

— > T — >G^ — > A — >0 

of commutative group schemes over S, where T is a torus over S and A is an abelian 
scheme over S, such that its formal completion along the special fiber is isomorphic 
to the extension above (cf. |Lan08j Proposition 3.3.3.6, Remark 3.3.3.9]). Such an 
extension is called the Raynaud extension associated to G. 

Our construction above is related to the Raynaud extension in the following 
way. First, we have a natural isomorphism G ng [p m ]rf — — > (G^Y A [p m \^, which is 

induced from an open immersion G Tlg = (&) ng c — > (G^) ad (cf. Lemma 12.31 i)). 
Moreover, the image of G rig \p m ]^ c — > G A,A [p m ]^ coincides with the image of the map 
G k \p m h — ► G[p m }rf in |Lan08l Corollary 4.5.3.12]. Therefore, the latter statement 
of Lemma [2.91 also follows from |Lan08[ Corollary 4.5.3.12]. 

Proposition 2.11 Assume that the fraction field F of R is a finite extension of Q p . 
Let X be a polarization of Gy. Then, alternating bilinear pairings 

( , ) A : Gn X G[p m }rj ~^^ p m, ( , ) A : TpGjj X T p Grf — * Zp(l) 

are induced. Then G rig [p m \fj (resp. T p G r ^ g ) is a coisotropic direct summand of 
G ad [p m ]rj (resp. T p Gf) with respect to ( , ) A . Namely, we have G rig [p m }± C G" g [p r % 
(resp. (T p Gf>)^ C T p Gf). 

Proof. Put V p (— ) = T p (—) ®i p Q P - Then an alternating bilinear pairing 

( , ) A : ^xV p G^Q p (l) 
is induced. It suffices to show that V p G^ g is a coisotropic subspace of V P G^ A . 
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We will prove a more precise result (V p G T ^ g ) L = V p T^ g . Since 

dim Qp V p fl is + dim Qp V p Gf = r + (2d - r) = 2d = dim Qp V p Gf 

(cf. Lemma EH and its proof), it is sufficient to prove that V p T^ g C (V p G^ g ) x . 

Namely, we should prove that the homomorphism V p T^ g £g>Q p VpG r ^ g — > Qp(l) 
induced by ( , )\ is zero. 

Since V^,G^ is a semi-stable representation of Gal(F/F), so are VJ,T^ lg and V p G^ g . 
Denote the residue field of F by Kp and put q = ^kf- Consider the action of <p\- KF ' x w 
on D st (V p T^ lg ) and D st (V p A^ g ). Let T and A be as in the proof of Lemma ¥2~§\ Then 
we have V p T^ g = V p Tjj and V p A r ^ g = V p A^. Therefore every eigenvalue of ^ Kf '^t\ 
on D st (V p T^ lg ) is a Weil g~ 2 -number (for the definition of Weil numbers, see |TY07t 

p. 471]). Similarly, every eigenvalue of ^ Kf:¥ p^ on D st (V p A^ g ) is a Weil g _1 -number; 
this is a consequence of the Weil conjecture for crystalline cohomology of abelian 
varieties. Therefore, every eigenvalue of 

<^f:F p ] on D st (V p Tl ig ® Qp V p G r f) is either 
a Weil g _4 -number or a Weil g _3 -number. On the other hand, every eigenvalue of 
(pl^F-Vp] on O st (Q p (l)) is equal to q^ 1 , which is a Weil g _2 -number. Hence any <p- 
homomorphism D st (V p T^ lg <S)q p V p G^ g ) — > D st (Q p (l)) is zero. Since the functor D st 
is fully faithful, any Gal(F/F)-equivariant homomorphism 

V P f^ g ® Qp V p Gf — ► Q p (l) 

is zero. This completes the proof. I 

3 Shimura varieties of PEL type 

3.1 Notation for Shimura varieties of PEL type 

In this paper, we are interested in Shimura varieties of PEL type considered in 
|Kot92l §5] (see also |Lan08t §1.4]). We recall it briefly. Fix a prime p. Consider a 
6-tuple (B, Ob, *,V,L,(, )), where 

— B is a finite-dimensional simple Q-algebra such that B (g)Q Q p is a product of 
matrix algebras over unramified extensions of Q p , 

— Ob is an order of B whose p-adic completion is a maximal order of B Cg>Q Q p , 

— * is a positive involution of B (namely, an involution such that Tr(66*) > for 
every b G B x ) which preserves Ob, 

— V is a non-zero finite S-module, 

— L is a Z-lattice of V preserved by Ob, and 

— ( , ) : V x V — > Q is a non-degenerate alternating *-Hermitian pairing with 
respect to i?-action such that (x, y) G Z for every x,y G L, and that L p = 
L ®i Z p is a self-dual lattice of V p — V ®q Q p . 
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From (B, *,V, ( , )), we define a simple Q-algebra C = End#(V) with a unique 
involution # satisfying (cv,w) = (v,c#w) for every c G C and f,w G V. Moreover 
we define an algebraic group G over Q by 

G(R) = {g G (C ® Q R) x | gg* G i? x } 

for every Q-algebra i£. The condition (7(7* G i? x is equivalent to the existence of 
c(g) G R x such that (gv,gw) = c(g)(v,w) for every v,w & V®<qR. By the presence 
of the lattice L, G can be naturally extended to a group scheme over Z, which is 
also denoted by the same symbol G. For any ring R, we put Gr = G <S>z R- 

Consider an M-algebra homomorphism h : C — > C ®q R preserving involutions 
(on C, we consider the complex conjugation) such that the symmetric real-valued 
bilinear form (v, w) 1 — >■ (v , h{i)w) on V £8>q R is positive definite. Such a 7-tuple 
(B, Ob, *,V,L,{, ),h) is said to be an unramified integral PEL datum. Note that 
the map h induces a homomorphism Resc/R G m — > Gr of algebraic groups over M, 
which is also denoted by h. 

Let F be the center of B and F + be the subfield of F consisting of elements fixed 
by *. The existence of h tells us that N = [F : F + ](dimp C) 1 ^ 2 /2 is an integer. An 
unramified integral PEL datum falls into the following three types: 

type (A) [F : F+] = 2. 

type (C) [F : F + ] = 1 and C ®q M is isomorphic to a product of M 2 jv(K)- 
type (D) [F : F + ] = 1 and C C§>q R is isomorphic to a product of M N (M). 

If we are in the case of type (D), we will exclude the prime p = 2. 

Using h : C — > C ®q R c — >■ C CSq C, we can decompose the B ®q C-module 
V ®q C as V ®q C = Vi © V2, where Vi (resp. V2) is the subspace of 1/ ®q C on which 
h(z) acts by z (resp. z) for every z G C. We denote by E the field of definition of 
the isomorphism class of the B ®q C-module Vi, and call it the reflex field. It is a 
subfield of C which is finite over Q. 

In the sequel, we fix an unramified integral PEL datum (B, Ob, *,V,L,(, ), h). 
For a compact open subgroup K p of G(Z P ), consider the functor Sh^- P from the 
category of Oe,(p) -schemes to the category of sets, that associates S to the set of 
isomorphism classes of quadruples (A,i, A, r/ p ), where 

— A is an abelian scheme over S, 

— A : A — y A y is a prime-to-p polarization, 

— i: Ob — > Ends(A) is an algebra homomorphism such that A oi(b) = i(b*) v o A 
for every b G Ob, 

— if is a level- K p structure of (A,i,\) of type (L ®z Z p , ( , )) in the sense of 
|Lan08l Definition 1.3.7.6], 

satisfying the equality of polynomials deto s (6; Lie A) = dets(&; V 1 ) in the sense of 
|Kot92t §5]. Recall that two quadruples (A, i, A, rf) and (A', i', A', r]' p ) are said to be 
isomorphic if there exists an isomorphism / : A — > A' of abelian schemes such that 

— A = / v oA'o/, 
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— / o i(b) = i'(b) o / for every b £ Ob, 

— and / o r] p = rf p in the sense of [Lan08, Definition 1.4.1.4]. 

If K p is neat (cf. |Lan08t Definition 1.4.1.8]), the functor Shxp is represented by 
a quasi-projective smooth C^^-scheme [Lan08, Corollary 7.2.3.9], which is also 
denoted by Sh^-p- In this paper, we will call it a Shimura variety of PEL type. 
The group G(A P, °°) naturally acts on the tower of schemes (Sh KP ) KPcG ^ as Hecke 
correspondences. 

Remark 3.1 i) Our definition of Sh^ P , due to |Lan08j . is slightly different from 
that in |Kot92j . but they give the same moduli space. See |Lan08t Proposition 
1.4.3.4]. We prefer this definition because we can speak about the universal 
abelian scheme A over Sh^-p, rather than its isogeny class. 

ii) The word "Shimura variety" is an abuse of terminology. Indeed, in some cases 
Shi<-p ®o E {p) E is a finite disjoint union of Shimura varieties in the usual sense. 

Assume moreover the following condition due to |Lan08| Condition 1.4.3.10]: 

The action of Ob on L extends to an action of some maximal order 0' B of 
B containing Ob- 

As explained in the beginning of |Lan08| §5.2.1], this restriction is rather harmless. 
Under this condition, thanks to |Lan08[ Theorem 6.4.1.1], Sh^p has a toroidal com- 
pactification Sh^p. Furthermore, since K p is assumed to be neat, we can (and do) 
take Shj£p so that it is a projective scheme over Oe,( p ) |Lan08t Proposition 7.3.1.4, 
Theorem 7.3.3.4]. On Sh^p, there exists a semi-abelian scheme extending the uni- 
versal abelian scheme A on Sh^-p. We denote it by the same symbol A. 

In the following, to ease notation, we fix a neat compact open subgroup K p of 
G(Z P ) and omit the subscript K p . For an integer r > 0, let Sh* or (resp. Sh<^, resp. 
Sh>^) be the subset of Sh tor consisting of x £ Sh tor such that the toric rank of the 
semi-abelian variety A x is equal to (resp. less than or equal to, resp. greater than or 
equal to) r. By |Lan081 Lemma 3.3.1.4], Sh*™ is an open subset of Sh tor . Therefore 
Sh>* (resp. Sh* or ) is a closed (resp. locally closed) subset of Sh tor . We regard them 
as reduced subschemes of Sh tor . Obviously SliQ° r = Sh<Q coincides with the Shimura 
variety Sh. 

Now choose a place v of E dividing p and write O v for the ring of integers of E v . 
By taking base change from Oe,( p ) to O v , the schemes Sh, Sh tor , . . . can be regarded 
as schemes over O v . We denote them by the same symbols. Moreover, we denote 
the fibers of them at v by putting the subscripts v. Namely, we set Sh v = Sh ®o„ac„, 
Sh^ r = Sh r 

®o v K v and so on, where k v denotes the residue field of O v . Similarly, 
we denote the generic fibers of them by putting the subscripts r\. 

Since Sh tor is proper over O v , we may consider the specialization map 

sp: (Sh* or ) ad = (Sh tor ) ad = (Sh tor ) Arig — > Sh* or 

introduced in the end of Section I2TT1 (for the second equality, see Lemma [2.31 ii)). 
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Definition 3.2 For an integer r > 0, we put 

Sh]> r [ = sp 1 (Sh*°> r )° n Sh^ d , Sh] r [ = Sh]> r [\ Sh]> r+1 [, 

where (— )° denotes the interior in (Sh tor ) ad . Moreover, we define an open subset 
Sh£[ of Sh] r[ by 

Shf r[ = sp-^Sh^) n Shf = Sh^^nsp-^Sh^). 

So far, we have only considered level structures which are prime to p. Now we 
add p m -level structures on the universal abelian scheme of the generic fiber Sh^. Let 
Sh m)7? be the scheme over Sh^ classifying principal level-m structures (c/. [Lan08, 
Definition 1.3.6.2]) of the universal object (^4, i umv , A umv ) over Sh^. We denote the 
structure morphism Sh m ^ v — > Sh^ by p m , which is finite and etale. 

Let K m be the compact open subgroup of G(Q P ) defined as the kernel of G(Z p ) — ! 
G(Z/p m Z). Then Sh m v coincides with the Shimura variety over E v with i^ m i^ p -level 
structures. In particular, for an element g of G(Q P ) and integers m, m! > satisfy- 
ing g~ x K m g C K m >, we can define the Hecke operator [g] : Sh mfl — > Sh m ' jr) , which 
is finite and etale. For later use, let us recall its description. Let k be an extension 
field of E v and x a fc-valued point of Sh m ?? corresponding to [(A, i, \,r] p ,ri p )}. Then 
[g](x) = [(A', i', A', i]' p , T]' )] is given as follows. 

First we assume that L p C gL p . By the condition on rj p , it lifts to an isomorphism 

rj p : L p ^—t T p Aj;, where A; is a separable closure of k. Take an integer a > such that 

p a gL p C L p , and put AL = Aj:/rjp^(p a gLp/p a L p ), where rj p>a : L p /p a L p -=->■ A ¥ [p a ] 

is the isomorphism induced by rj p . It is easy to see that A'-r is independent of 
the choice of a. Moreover, the condition g~ x K m g C K m /(c Kq) tells us that A^ 
is also independent of the choice of rj p (note that any other choice is rj p o h with 
h G K m , and that h preserves gL p ). In particular, it descends to an abelian variety 
A' over k. As rj p ^ a {p a gL p / p a L p ) is stable under C B , A' carries an O s -multiplication 
i' induced from i. A natural p-isogeny A — > A' transfers the pair (A, rj p ) on A 
into a pair (X',r]' p ) on A'. The definition of rj' p is slightly more complicated. By 

the construction of AL the composite L p — > T P A^ — > T p A'^ extends uniquely to 
an isomorphism rf p : gL v — > T p Aj. Taking the mod-p m ' reduction of the composite 
rj' p o g: L p — > TpA'-^, we obtain an isomorphism rf p : L p /p m ' L p — ^ Aj[p m ']. By the 
condition g~ x K m g C K m i, it is independent of the choice of rj p and thus descends to 
an isomorphism rf p : L p /p m ' L p ^—t A'[p m '], which gives a p m '-level structure on A'. 

For a general g G G(Q P ), we can take an integer b such that L p C p b gL p . Then 
we have [g](x) = [p b g](x), and thus are reduced to the case above. 

As in Definition 13. 2[ we introduce several important subspaces of Sh^ . 
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Definition 3.3 We put 

Sh m j> r[ = p~ (Sh]> r [), Sh m j r[ = p~ (Sh] r [), Sh^ j]r[ = p~ (Sh£[). 

Here we write the same symbol p m for the finite etale morphism Sh^ — > Sh^ d 
induced by p m . 

Proposition 3.4 Let g be an element of G(Q P ). For integers m,m' > such 
that g~ l K m g C K m i, the Hecke operator [g]: Sh^ — > Sh^ 1 ,^ maps Sh m ] r [ (resp. 
Sh OT) ]> r [J into Sh m /,] r [ (resp. Sh m / ,]>,.[,). 

A point x of an adic space X which is locally of finite type over Spa(£ , „, O v ) is 
said to be classical if the residue field of x is a finite extension of E v . For a subset 
Y of X, we denote the set of classical points in Y by Y(cl). 

First we consider about classical points in Sh m i r [. 

Lemma 3.5 Let x be a classical point of Sh m; ] r [. Then [g](x) G Sh^/ lies in Sh m /j r [. 

Proof. First note that Sh mJr[ (cl) =p m 1 (sp- 1 (Sh^)nSh^ d )(cl). This is an immediate 
consequence of |Fuj95 Lemma 4.6.4 (c)], whose analogue for adic spaces can be 



proved similarly. 

Let F be the residue field of x and Of its ring of integers. Since Sh or is proper 
over O v , we have a natural morphism of schemes i x : Spec Of — > Sh tor . The image 
of the generic point n (resp. closed point s) of SpecCj? under i x can be identified 
with x (resp. sp(x)). Let us denote by Q the pull-back of A under i x . Then, Q is 
a semi-abelian scheme over Of whose fiber at rj (resp. s) is the abelian variety A x 
(resp. a semi-abelian variety with toric rank r). 

Put x' = [g] (x), which is an F- valued point of Sh^, . By the similar construction, 
we get a semi-abelian scheme Q' over Op whose generic fiber Q' coincides with A x >. 
It suffices to show that the toric rank of Q' s is equal to r. 

By the description of the Hecke operator [g], Q' = A x i is isomorphic to the 
quotient of Q n = A x by some finite etale subgroup scheme C v . Let C be the closure 
of C v in Q. Then, |Lan08t Lemma 3.4.3.1] says that the quotient Q/C is represented 
by a semi-abelian scheme over Op- Moreover, by |FC90t Chapter I, Proposition 
2.7], the isomorphism (G/C) v = GL can be extended uniquely to an isomorphism 
G/C = G' ■ Therefore G' s is a quotient of G s by a finite flat group scheme C s . In 
particular, we have rankz p T p G s = rank^T^C^ and dim(? s = dim^. This implies 
that the toric rank of G s is the same as that of G' s - I 

To deduce Proposition l3.4l from Lemma 13751 we will use the following easy lemma: 

Lemma 3.6 Let X be an adic space locally of finite type over Spa(E v , O v ). 

i) For every non-empty open subset U of X , U(cl) is non-empty. 

ii) For every open subset U , U~{c\) is dense in U~ . Here U~ denotes the closure 
ofU in X. 
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Proof. For i), we may assume that U = Spa(A, A°), where A is an afnnoid algebra 
over E v and A° is the subring of A consisting of power-bounded elements. Since 
A 0, A has a maximal ideal m. By |BGR841 Corollary 6.1.2/3], F = A/m is a finite 
extension of E v . Extend the valuation of E v to F. Then v. A — > A/m = F — > M. 
gives a classical point of U = Spa(A, A°). 

ii) is an immediate consequence of i); indeed, U(c\) is dense in U~. I 

Proof of Proposition \3.4\ Denote the complement of Sh m) ]> r [ in Sh^ by (Sh mi ]> r [) c . 
It coincides with p~ 1 (sp~ 1 (Sh„ < r ._ 1 ) _ flSh^ d ), which is the closure of the open subset 
p~ 1 (sp~ 1 (Sh,; i < r ._ 1 ) n Sh; d ) of Sh^ (note that p m is an open map). Therefore, 
(Sh m> ]> r [) c (cl) is dense in (Sh mi ]> r [) c by Lemma I3T61 Similarly, ([(7] _1 (Sh m / i ]> r [) c )(cl) 
is dense in [g]' 1 (Sh m/:] > r[ ) c . 

On the other hand, Lemma l3~5l says that (Sh mi ]> r [) c (cl) = ( [c?] — 1 (Sh rn ,/ ]> r [) c ) (cl) . 
From it we can deduce (Sh mj ]> r [) c = [(7] _1 (Sh m / i ]> r [) c , as both sides are closed in 

Sh^. Thus we have Sh mJ > r[ = [fl']~ 1 (Sh m 'j> P [) and Sh mi]r[ = [gf] -1 (Shwjr[)- I 
3.2 The set S m 

This subsection provides some basic preliminaries for the next subsection. We denote 
by iSqo the set of Ob ®tl Z, p -submodules I C L p such that 

— I is a non-trivial direct summand of L p as an Ob ®z Z p - module, and 

— / is coisotropic, namely, I L <Z I. 

For an element I G iSqo and an integer m > 1, we have an Ob ®z Z p -submodule 
I /p m I C L p /p m L p . We denote the set consisting of such submodules by S m . 

Proposition 3.7 i) The set Soo can be identified with the set Sq p consisting of 
non-trivial coisotropic B ®QQ p -submodules ofV p . In particular, is naturally 
equipped with an action of G(Q P ). 

ii) There exist finitely many proper parabolic subgroups Pi, . . . , Pf. of Gq p such 
that Soo is isomorphic to Jjf =1 G(Q P ) / Pi(Q p ) as G(Q p )-sets. 

iii) We have a natural G(Z p )-equivariant bijection K m \Soo S m . 

iv) Let g be an element of G(Q P ). For integers m,m' > 1 with g~ 1 K m g C K m i, 
we have a unique map g~ x : S m — > S m i that makes the following diagram 
commutative: 

<Soo ^ <S m 



-i 



9 

<Soo ^ <S, 



9- 1 



Proof of Proposition \3. 7| i). First let I be a B ®q Q p -sub module of V p . As Ob ®tl ^ 



is a maximal order of B®qQ p , it is hereditary [Rei75[ Theorem 21.4]. Therefore the 
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Ob ©z Zp-module L p /I n L p is projective, since it is finitely generated and torsion- 
free as a Zp-module (cf. |Rei75| Corollary 21.5]). Therefore the canonical surjection 
L p — y Lp/lr\Lp splits, and IC\L P is a direct summand of L p as an C?b©z Zp-module. 
By the observation above, we can define the following two maps 

SiQp — > ^oo! / i — y I n L p , iSqo — y Sq p ; 1 1 — > I ©^ p Q p . 

It is easy to see that these are the inverse of each other. I 

Remark 3.8 By the proof above, we know that L p is a projective (9sCg>z^p- m odule. 

For proving the remaining part, we need some preparation; the proof of Propo- 
sition 13.71 is completed in the end of this subsection. 

First let us introduce more notation. Let A be one of Z/p m Z, Z p or Q p , and 
put Ca = ®z A. For the center F of B, we have canonical decompositions 
F ©q Q p = n r Ft an d Of ®i^> P = W T O r , where r runs through places of F lying 
over p. These decompositions are extended to the decomposition 0\ = Y[ T Tt \. 

By the assumption, O t ^\ is isomorphic to a matrix algebra Md T {O r ©z p A) over 
O r © Zp A. As in |Lan08l §1.1.3], let us denote by M TjA the C TiA -module (0 T ® Zp A) dT . 
By [Lan08, Lemma 1.1.3.4], every finitely generated projective C^-module M is 
isomorphic to @ T MJ 71 ^, for uniquely determined integers m T > 0. We call m = (m T ) 
the multi-rank of M. Put |m| = ^2 T m T . 

Similarly, we can define the multi-rank of a finitely generated projective B®qQ p - 
module. For a finitely generated projective B ©q Qp-module M, the multi-rank of 
the B ©q Qp-module M ©q p Q p is not equal to the multi-rank of M in general. 

Lemma 3.9 For I G Sq p , the stabilizer Pi of I C V p in Gq p is a proper parabolic 
subgroup of G Qp . 

Proof. Let m be the multi-rank of the B ©q Qp-module I ©q p Q p and X the moduli 
space classifying coisotropic B ®q Qp-submodules of V ©q Q p with multi-rank m. 
Since X is a closed subscheme of a Grassmannian, it is projective over Q p . 

Let us prove that G(Q p ) acts on X(Q p ) transitively. Take an arbitrary coisotropic 
B ©q Qp-submodule V of V ©q Q p with multi-rank m. It suffices to find g G G(Q p ) 
such that V = g(I ® Qp Q p ). Put J — (I © Qp Qp)- 1 and J' = I ,JL . These are totally 
isotropic B ©q Qp-submodules of V ©q Q p with the same multi-rank. It is sufficient 
to find g G G(Q p ) such that J' = gJ. Fix a B ©q p Q p -isomorphism /: J — ^y J'. By 
|Lan08t Lemma 1.2.4.4], we can find orthogonal decompositions 

V © Q Qp = ( J © J v ) © ( J © f) 1 - = (J' © J' v ) © (J' © J' v ) x . 

Since (J Q) J v ) ± and (J 7 © J'^) 1 - have the same multi-rank, by |Lan08t Corollary 
1.2.3.10], there exists a B © Qp Qp-isomorphism h: (J © J v ) ± -=+ (J' © J'^) 1 pre- 
serving the alternating pairings. Then the composite 

V © Q Qp = ( J © J v ) © (J © J v ) x (/e(/Vrl)efe > (J' © J ,v ) © (J' © J ,v ) x = V © Q Qp 
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gives an element g of G(Q p ) satisfying gj = J'. 

Now we know that X re( j is a homogeneous space for Gq in the sense of |Spr98 



2.3.1]. Furthermore, we can easily see that the Gq -space X re( j satisfies the conditions 
in |Spr98 Corollary 5.5.4]. Therefore, by |Spr98, Theorem 5.5.5], X re( j is a quotient 



of Gq p by Pj^ p = P I ® Qp Q p . Hence G^JPj^ is projective over Q p , that is, P T ^ is 
a parabolic subgroup of Gq . Thus we can conclude that Pi is a parabolic subgroup 
of G Qp . _ 

Finally we will observe Pi ^ Gq p . Put J = (I ©q p Qp)" 1 and consider the 
orthogonal decomposition V ®q Q p = (J © J v ) © ( J © J v )^ as above. It is easy 
to see that (J v ) ± gives a Q p - valued point of X distinct from / ©q p Q . Therefore 
Gq /-fj,Q — -^rcd has more than one closed point, and thus Pj ^ Gq p . I 

Lemma 3.10 Let (M, ( , )) be a finitely generated self-dual symplectic projective 
Oz -module in the sense of \LanO S, Definition 1.1.4.7], and N C M a totally isotropic 
direct summand as an Oz p -module. Put M m = M ®% p r L/p m 'L and N m = N © Zp 
r Ljp m TL for simplicity. 

By \Lan08\ Lemma 1.2.4.4], we can find an embedding c — > M m with totally 
isotropic image such that M m is decomposed into the orthogonal direct sum: 

M m = (N m © N%) © (N m © N^) L . 

Let us fix such an embedding. Then, we can extend it to an embedding N v c — y M 
with totally isotropic image, such that M is decomposed into the orthogonal direct 
sum: 

M = {N®N y/ )®{N®N v ) ± . 

Proof. We use the similar induction argument as in the proof of |Lan08t Proposition 
1.2.4.6]. If N 0, we can find a direct sum decomposition N = N' © N" such that 
the multi-rank n' of N' satisfies \n'\ = 1 (in the proof of |Lan08t Proposition 1.2.4.6], 
such a decomposition is written as Mi = Mi )0 © M[). Let r be a unique place of F 
lying over p with n' T — 1. Then N' = M T ^ p is generated by one element x. Moreover, 
N N = M T0 ^z p is also generated by a single element. Take a generator y of and 
regard it as an element of M m by the fixed embedding C c — y M m . 

Let (| , D : M x M — y Oz p be the skew- Hermit ian pairing associated to ( , ) (cf. 
|Lan08t Lemma 1.1.4.5]). We have flx,x|) = 0> since N is totally isotropic. Choose a 
lift y&Mofy. Then we have fly, y\) G p m Oz p , since is totally isotropic. As in the 
proof of [Lan08[ Proposition 1.2.4.6], we may assume that (\x,y\) = l r0 * G T0 *,i, p - 
Moreover, replacing y by l TO *y, we may assume that y = l TO *y- 

If T ^ T o *, put y' = y. Then (|y',y'D = l^fly', y'|)l T = and fla^y'D = 1-ro*- 
Consider the case r = r o *. Since <\y,y\) G p m Oz p , we can find 6 G p m Oi such 
that b — b* = <\y, y\} by |Lan08| Proposition 1.2.2.1]. Put y' = y + bx. Then we have 
ft/'^'hOand |x,2/'| = W 

Denote by N'~ the CV *,z p -span of ?/ in M. The pairing ( , ) gives a natural 
homomorphism iV'~ — >■ iV /v , whose mod-p m reduction is the identity (we regard 
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as a submodule of M by the fixed embedding C N£ c — > M m ). Therefore 
it is an isomorphism and gives an embedding iV' v = N'~ c — > M extending the fixed 
embedding C c — > M m . By [Lan08j Lemma 1.2.3.9], we have an orthogonal 
decomposition 

M =(N' © iV ,v ) © (N' © A^ ,v ) ± . 

Since Af C Mis totally isotropic, the A^ /v -component of every element of N" is zero. 
Therefore, if we write N'" for the image of iV" under the projection M — > (N' © 
iV^)- 1 , we have N = N'®N'". As the image of the embedding N'^ C N y m « — > M m is 
contained in (A r ^ l ©A r ,^)- L , N'^ coincides with N^. Hence we can apply the induction 
hypothesis to N'" C (N'QN^ and N'^ = N'^ ^ (N^®N^) X . This concludes 
the proof. I 

Lemma 3.11 Let (M, ( , )) and (N, ( , )) be finitely generated self-dual symplectic 
projective Oz p -modules. Assume that for an integer m > 1 we are given an Oz/ p ™ z - 

isomorphism h: M 7Ljp mr L ^—t N ©z p Z/p m Z which preserves the alternating 

pairings up to (Z/ 'p mr L) x -multiplication. Then there exists an Oi p - isomorphism 

h: M — ^ A" preserving the alternating pairings up to Z p -multiplication, such that 

h mod p m = h. 

Proof. For a Z p -algebra R, let H(R) (resp. X(R)) be the group (resp. set) consisting 
of Oz p ©z p -R-automorphisms of N®z p R (resp. Oi p ®z p -R- isomorphisms M© Zp i? ^> 

A" ©z p R) preserving the alternating pairings up to R x -multiplication. The functor 
R i — > H(R) (resp. R i — > X(R)) is obviously represented by a group scheme (resp. 
scheme) over Z p . The group scheme H naturally acts on X. 

Since M ©z p Z/p m Z is isomorphic to A" ©z p Z/p m Z, M and N are isomorphic 
as Oz -modules (cf. |Lan08t Lemma 1.1.3.1]). Therefore, by [Lan081 Corollary 
1.2.3.10], X is an if-torsor (with respect to the etale topology on SpecZ p ). On 
the other hand, by |Lan08t Corollary 1.2.3.12], H is smooth over Z p . Thus we can 
conclude that X is smooth over Z p . In particular, the natural map AT(Z P ) — > 
X(Z/p m Z) is surjective. Hence we can find h G AT(Z P ) which is mapped to h G 
X(Z/p m Z) under the map above, as desired. I 

Proof of Proposition ^ . 7| ii ), Hi), iv). First we prove hi). Since the natural sur- 
jection Soo — > S m is G(Z p )-equivariant and K m acts trivially on S m , a G(Z P )- 
equivariant surjection K m \S oo — > S m is induced. We should prove its injectivity. 
Let / and /' be two elements of such that I m = I' m (as in the proof of Lemma 
I3TTU1 we write I m for / © Zp Z/p m Z). Put N = I x and N' = They are totally 
isotropic direct summands of L p . It suffices to find an element g G K m such that 
gN = N'. 

By |Lan08l Lemma 1.2.4.4], Remark 13.81 and Lemma 13.1 0[ we can find embed- 
dings i : N v c — > L p and i' : A^ /v c — > L p with totally isotropic images such that 
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i mod p m = %' mod p m . These give the following orthogonal decompositions: 

L p = (N © iV v ) © (N © N^) 1 = (AT' © iV /v ) © (AT' © AT ,V ) ± . 

Since we have 

(N © N v ) x ®z v Z/p m Z = (AT m © N^) 1 

= (N' m © NX) 1 = (N © N™) 1 © Zp Z/p m Z, 

Lemma EHH enables us to find an (^-isomorphism h: (N © A^ v ) ± -=->> (AT' © A^ 7 ) 1 - 
preserving the alternating pairings up to multiplication by a G Z* such that ft, mod 
p m = id. On the other hand, it is easy to find an (9z p -isomorphism /: A" N' 
such that / mod p m = id (c/. proof of Lemma [3 .111) . The composite 

L p = (N © iV v ) © (N © AT V ) X (/ea(/V) " 1)ffife > (JV' © iV' v ) © (iV' © N'^) 1 = L p 

gives an element of K m satisfying gN = N'. This conclude the proof of iii). 

Next we prove ii). By Proposition 13.71 i), we identify the G(Q p )-set <Soo with 
Sq p . By iii), Ki\Soo is a finite set. In particular, G(Q p )\5oo = G(Q p )\Sq p is also 
a finite set. Let Ii, . . . , Ik G Sq p be a system of representatives of G(Q p )\Sq . Let 
Pi be the stabilizer of Ii C V p in . Then we have an obvious isomorphism of 
G(Q p )-sets U i=1 G(Q p )/Pi(Q p ) = Sq p . Since Pi is a proper parabolic subgroup of 
Gq p by Lemma 1331 this completes the proof of ii). 

The remaining part iv) is an immediate consequence of iii). Indeed, we can 
define g~ l : K m \S oo — > K^S^ by K m I i — > K m ig~ x I, which is well-defined as 
g~ l K m g C K m i. I 

3.3 Partition of Sh m ] r [ 

Fix integers m, r > 1. In this subsection, we give a partition of Sh m i r f indexed by 
S m . First, let us apply the construction introduced in Section 1^1 to the case where 
S = Shg, S = Sh*™ U = Sh v and G = A\ Si %*. By LemmaES U &d = Ux s t(S) a = 
Shj^r in this case. Therefore, we have two locally constant constructible sheaves 

A^[p m h K[ c ^ ad [p m ] Sh]V 

By taking pull-back under p m : Sh^w = p~ 1 (Shj^.r) — > Shj^ and using the universal 
level structure Pm-Afp" 1 ] — L p /p m L p over Sh^_. r r, we get a locally constant subsheaf 
of L p /p m L p corresponding to ^4 rlg [p m ]sh A > which we denote by J- mjr . 

Lemma 3.12 For every x G Sh^_. r r, the stalk T m ,r^. is an element of S m . 
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Proof. Since Sh^ i r r(cl) is dense in Sh^j r r (Lemma I3.6p . we may assume that a; is a 
classical point. 

By definition, the level structure *4[p m ]a = L p /p m L p lifts to an isomorphism 
T p Ax — L p of Ob ®z Z p - modules which preserves alternating bilinear pairings up 
to multiplication by Z* ; here T P A% is equipped with the alternating bilinear pairing 
TpAx x TpAx — > Z p (l) induced from the universal polarization. Therefore, it 
suffices to show that T p A^ g is a non-trivial coisotropic direct summand of T pv 4| d as 
an Ob ®i Z p -module. First note that T p A^ g is an Ob ®z Z p -submodule of T P A^, 
since the semi-abelian scheme A over Sh tor is endowed with an (^-multiplication, 
which is an extension of the universal (!?B-multiplication on *A|sh- 

By Lemma 12.91 T p A^ g is a direct summand of T P A^ as a Zp-module. As we 
assume that Ob ®z Z p is a maximal order of B ®q Q p , it is hereditary. Therefore 
the quotient T p A^/T p A^ g is a projective Ob ®z Zp-module, and thus T p A^ g is a 
direct summand of T p A^ d as an Ob ®i Zp-module. 

By Lemma I2TT1 we have rankz p T p A^ g = dim<Q p V p —r. Since 1 < r < 1/2 dimQ p V p , 
T p A^ g is a non-trivial submodule of T P A^. Finally, Proposition 12.111 tells us that 
(VgV C T P A^. I 

Definition 3.13 For I G S m , let Sh^-. [■ f be the subset of Sh^i r r consisting of 
x G Sh^i r r such that J- m , r ,x = I- It is open and closed in Sh^i r r. Denote the closure 
of Sh^ i]r[ / in Sh m)]r[ by Sh mJr[i7 . 

Proposition 3.14 We .have Sh mj ] r [ = IIj e<s Sh^jj^j as topological spaces. 

Proof. First note that 

npjsp ^Sh^), Sh wl)]r[ = Sh mi] > r[ n(p ro 1 sp ^Sh*^)) . 

Since p" 1 sp _1 (Sh*°< r ) is a quasi-compact open subset of the spectral space (Sh^) ad , 
its closure (p" 1 sp~ 1 (Sh*°< r ))~ consists of specializations of points in p" 1 sp _1 (Sh*°< r ) 
(c/. [Ho c69[ Corollary of Theorem 1]). Thus every point in Sh m ] r [ is a specialization 
of a point in Sh^ir. Similarly, every point in Sh m ^j is a specialization of a point 
in Sh^ ] r [ ;J ; note that Sh^,]^,/ = Sh m ^ r [j flp" 1 sp~ 1 (Sh*°< r ) e — > ^ m ,]r[,i is a quasi- 
compact open immersion between locally spectral spaces. 

Now let x be a point of Sh m j r [. Then there exists a generalization y G Sh^i r r of 
x. Since Sh^ i r is a disjoint union of Sh^^r x , there exists / G S m with y G Sh^j^. 
Then x lies in Sh m) j r [j. 

Next we will prove that Sh mi ] r [ 5 / and Sh mt ] r [ji are disjoint for /, /' G S m with 
/ 7^ I'. Assume that we can take a point x in Sh m j r [ 5 7 fl Sh m j r [ //. Then there exist 
points y G Sh^vr^ and y' G Shf^],,.^/ both of which arc generalizations of x. By 
[Hub96, Lemma 1.1.10 i)], y is a specialization of y' or y' is a specialization of y. 
Since Sh^i r r j is stable under specializations and generalizations in Sh^i r r, y lies in 
Sh^irj fl Sh^i r r p. This is contradiction. 
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We have obtained Sh mj ] r [ = U /eiSm Sh mi ] r [ / as sets. Since Sh m j r [ ! _f is closed in 
Sh m ] r [ and S m is a finite set, Sh^j^j is also open in Sh m ] r [. Therefore we have an 



equality of topological spaces Sh r , 



LI 



ieSr, 



Sh 



m,]r[,I 



, as desired. 



Proposition 3.15 Let g be an element of 
that g~ x K m g C K m i, the Hecke operator [g): Sh 



ad 



Sh m /j r [ i9 -i/ (for the definition of g 1 I, see Proposition 13. 71 iv)). 



For integers m,m' > 1 such 
maps Sh m ^ r [j into 



Sh ad 
ul m',i) 



Therefore Sh^ l i r .r J (cl) is 



Proof. By Lemma I3.6j Sh^j^^cl) is dense in Sh^^r j 

dense in Shmj,.^. By this fact and Proposition 13. 4[ it suffices to show that [g] maps 
a classical point x G Sh^^^ to a point in Sh^^-i^. Note that Sh^^^cl) = 
p-^sp-^Sh^nSh^)^) = Sh m>]r[ (cl) (cf. |Fuj95| ' Lemma 4.6.4 (c)]). Hence [g](x) 
lies in Sh^,j r [ by Proposition 13.41 

We can reduce the problem to the case where L p C gL p . We use the same 
notation as in the proof of Lemma 13.51 Then we have the following commutative 
diagram of adic spaces over Spa(F, Of)'- 

g^\p m f >£ ad [j9 ml 



This induces the commutative diagram 



T P G^ ,T p Qf^L p 

T p G^ > T p Q'f 9L P L p . 

Here rj p and rj' p are the same as in the description of the Hecke operator [g] (page [T2"j) . 
By definition, T m i , r ,[g](x) is the mod-p" 1 ' reduction of g~ x v( v ~ x (T p Q'^). Therefore, the 
diagram above tells us that T m i , r ,[ g ](x) = g~ l F m .r,x = g^ 1 !, as desired. I 



4 Cohomology of Shimura varieties 

4.1 Compactly supported cohomology and nearby cycle co- 
homology 

As in Section I3.1[ let us fix a neat compact open subgroup K p of G(TP). Fix a 
prime I which is different from p. Let £ be an algebraic representation of Gq £ on 
a finite-dimensional Q^-vector space. It naturally defines a smooth Q^-sheaf £g (or 
£-£,m,KPi if we need to indicate m and K p ) on Sh m ,^ (c/. |HT01l III.2]). Moreover, 
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is equivariant with respect to the Hecke action. For example, let g be an element 
of G(Q P ) satisfying g~ 1 K m g C K m > for integers m,m' > 0. Then we have a natural 

isomorphism [g}*C(, m ',Kp £>£,m,Kp of smooth sheaves over Shm^p^. 

Consider the compactly supported cohomology 

-ffc(Shoo,io>,r/, >Q) = lim^(Sh m ^p ir? ®e v E v , 
m 

The group G(Q P ) x GaA(E v / E v ) naturally acts on it. By this action, if^Shoo^p^, >Q) 
becomes an admissible/continuous representation of G(Q P ) x Ga\(E v /E v ) in the 
sense of jHTOll 1.2]. 

On the other hand, we may also consider the nearby cycle cohomology defined 
as follows: 

HKSh^KP^, RipCz) = lini H l r (Sh KP:n , Rip(p mjf C £ )) , 

m 

where we put Shxp,v = Sh.Kp, v ®k v Kv Obviously the group Gal(E v /E v ) acts on it. 
The following lemma gives an action of G(Q P ) on if*(Shoo KP >v , RipC^). 

Lemma 4.1 We have a natural action of G(Q P ) on if^Shoc^pjj, RipC^)- By this 
action, ^(Shoo^p^, R^C^) becomes an admissible/continuous G(Q p )xGal(E v /E v )- 
representation. 

Proof. To ease notation, we omit the subscript K p . 

As in [Man05t §6], we can construct a tower (Sh m ) m > of schemes over O v with 
finite transition maps such that Sh m gives an integral model of Sh m >rj and Sh = Sh. 
In this situation, we have 

Hl(Sh ¥ ,R^(p m X^) = i£(Sh^,i*0£ e ), 

where Sh miIJ = Sh m ®o 7c„. 

Put G + (Q P ) = {g e G(Q P ) \ g- x L p c L p }. For g e G+(Q P ), let e(g) be the 
minimal non-negative integer such that gL p C p~ e( - 9 ^L p . Then we can construct a 
tower (Sh m 9 ) ?n > e ( 9 ) of schemes over O v and two morphisms 

pr : Sh m 9 y Sh m , [g] : Sh m g > Sh m _ e ( 9 ) 

which are compatible with the transition maps. It is known that these are proper 
morphisms, pr induces an isomorphism on the generic fibers, and [g] induces the 
Hecke action of g on the generic fibers |Man05t Proposition 16, Proposition 17]. In 
particular, we have a canonical cohomological correspondence (c/. [SGA5, Expose 
III1, |Fuj97l ) 



Let 

Rip(c g ): [g)tRipC^ m ^ g ) — ► RpriRtpC^. 
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be the specialization of c g (cf. |Fuj97[ §1.5], [IM10, §6]). Since [g]y is proper, this 
induces a homomorphism 

tf*(Sh m _ e(9)JJ ,i#£ € ) HiiS^RipCz). 

Taking the inductive limit, we get 

From an obvious relation c gg i = c g og*c g i for g, g' G G + {Q P ), we deduce 7 SS / = 7 S 7 9 ' 
(cf. [IMlOj Corollary 6.3]). On the other hand, by |Man05t Proposition 16 (3), 
Proposition 17 (3)], 7 p -i is the identity. Since G{Q P ) is generated by G + {Q P ) and 
p as a monoid, we can extend 7 g to the whole G{Q P ). By [Man05j Proposition 16 
(4)], the restriction of this action to Kq = G(Z P ) coincides with the inductive limit 
of the natural action of Kq on Hl(Sh m ^, RipC^). In particular, it is a smooth action. 
Furthermore, for integers m! > m > 1, we have 

since K m /K m t is a p- group {cf. [MielOat Proposition 2.5]). Taking inductive limit, 
we obtain 

H l c {Sh^ KP ^R^) K - = ^(Sh m ^,i?VA). 
This implies that H l c {^>h. oo KP i Bl RipC^) is an admissible/continuous representation of 
G(Q P ) x Gd(E v /E v ). I 

Now we can state our main theorem in this article. 

Theorem 4.2 The kernel and cokernel of the canonical homomorphism 

Hl{Sh-oo,KP,v, RipC{) — > HKShoo^Pfi, £$) 

(cf. \SGA 7\ Expose XIII, (2.1.7.3)]) are non-cuspidal, namely, they have no su- 
percuspidal subquotient of G(Q P ). In particular, for an irreducible supercuspidal 
representation it of G{Q p ), we have an isomorphism 

Remark 4.3 Let H^Sh^^p = nrn m H l {Sh m KP n ®e„E v , £g) be the ordinary 
cohomology of our Shimura variety. This is also an admissible / continuous represen- 
tation of G{Q P ) x Gal(E v /E v ). By using the minimal compactification of Sh my KP,r] 
and its natural stratification (cf. |Pin92| §3.7]), it is easy to see that the kernel and 
the cokernel of the canonical homomorphism 

HKSh^KP^, C^) — y H l (Sh. (X}> KP,rjj 

are non-cuspidal as G(Q p )-representations (in fact, we can use the similar argument 
as in the next subsection). Therefore, to prove Theorem 14. 2\ it suffices to show that 
the kernel and the cokernel of the composite 

Hl{Sih<x,KP,Vi RlpCi) > HKShoc^KPfi, > H l (Shoo ^kp, rj, £■€) 

are non-cuspidal. 
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Remark 4.4 Let IH l {Sh^ KP ^, £ € ) = \u^ m H i {S\C Q KP r] ^ Ev E v ,j ] X i ) be the inter- 
section cohomology of our Shimura variety, where j : Sh mjKPri c — > Sh™ 1 ^ denotes 
the minimal compactification of Sh m ^ v tV . Then, as in the previous remark, it is 
easy to see that the kernel and cokernel of the canonical homomorphism 

is non-cuspidal. Therefore, by Theorem I4.2[ we have an isomorphism 

for an irreducible supercuspidal representation n of G(Q P ). 
Corollary 4.5 Put 

^(Shoc,,,^) = limiy^Shoo,^^ A)> ^(Sh^i^A) = hm^Sh^^i^). 

Tiiese are G(A°°) x Gal(£' w /£' 1) )-representatioiis. 

Let LI be an irreducible admissible representation of G(A°°) such that U p is a 
supercuspidal representation of G(Q P ). Then, LI does not appear as a subquotient 
of the kernel or the cokernel of the canonical homomorphism if^Shoo^, RipC^) — > 
HKShoo^, C^) . In particular, we have an isomorphism of Gal(E v /E v )-representations 

^(Shoo^^n] s HKSh^R^c^u}. 

Proof. Take a neat compact open subgroup K' p C G(V) such that L1 XP ^ 0. If 
LI appears as a subquotient of the kernel or the cokernel of if*(Shoo^, RipC^) — > 
HKShoo^, C^), then LI P appears as a subquotient of the kernel or the cokernel of 
il^Shoo^p^, RifiCt) — > if^Shoo^p^, C^). This contradicts to Theorem 14.21 I 

Remark 4.6 If an irreducible admissible representation II of G(A°°) is supercusp- 
idal at a prime p' ^ p, we can prove the similar result as above. This case is due to 
Tetsushi Ito and the second author. Its proof is easier, since we may use minimal 
compactifications over Z p . 

4.2 Proof of main theorem 

The starting point of our proof of Theorem 14.21 is the following rigid-geometric 
interpretation of the nearby cycle cohomology. 

Lemma 4.7 There exist natural isomorphisms 
HKSh^K^R^) - hn^sp^Sh^p^f ) = hm^^^^Sh^f ). 
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Here the subscript 77 denotes the base change from E v to E v , (Sh m i>i[)° denotes the 
complement of Sh mj ]>i[ in Sh^, and £ ad denotes the i-adic sheaf on Sh^ induced 
from As in Section kTTl we omit the subscript K p . 

By Proposition \3.4\ lirn ^ H}^ h >1 )c(Sh^, £ ad ) is naturally equipped with an 

action of G(Q P ). Under this action, the isomorphism 

flJlSh^,,,^) = \\mHl Shm]>i{) ^Sh^ v Cf) 

m 

is G(Q p )-equivariant. 

Remark 4.8 Before proving it, we should clarify the definition of the £-adic coho- 
mology of rigid spaces appearing in the lemma. We define them simply by taking 
projective limit of the cohomology with torsion coefficients and tensoring Q e . Note 
that this definition is, at least a priori, different from the compactly supported £-adic 
cohomology introduced in [Hub98aJ. However our naive definition also works well, 
since all the cohomology groups we encounter are known to be finitely generated. 

Proof of Lemma \4-7\ Let J 7 be an arbitrary £ n -torsion sheaf on Sh m ^. We shall 
observe that there exist natural isomorphisms 

Hi(Sh w ,R^ Pm *T) = tf*( S p- 1 (Sh$) w ,;wF ad ) = i^^^Sh^, .F ad ). 

By |IHub96t Theorem 5.7.6, Theorem 3.7.2], we obtain the first isomorphism as the 
composite of 

Ht^R^T) = ^((Sh Ari % ( Pm ^r d ) = ^(sp-^Sh^p™^). 

To construct the second isomorphism, we prove the following: 

— (Sh]>![) c contains sp _1 (S1i*°q), and 

- (Sh]>i[) c is closed in (Sh* or ) ad . 

The former is clear from the definition. For the latter, note that (Sh* or ) ad \ Sh ad = 
(Sh>[ J? ) ad is stable under generalizations |Hub96t Lemma 1.1.10 v)]. By this fact, 
the closure of the quasi-compact open subset sp _1 (Sh*°Q) in (Sh* or ) ad coincides with 
the closure of it in Sh ad , that is, (Sh]>![) c (c/. |Hoc69t Corollary of Theorem 1]). 
Therefore {Sh m ) c is closed in (Sh* or ) ad . 

By these two facts and the properness of (Sh* or ) ad , we have a natural homomor- 
phism 

K(s V -\sK°^ Pm ^ d ) — ► Hfa^ ((Sh tOT ) ad , j lPm F«) 
= Hlsh^d^t^Pm*^) = ^^^^(Sh^, J^), 

where j : Sh^ c — > Sh* or denotes the canonical open immersion. Let us prove that this 
is an isomorphism. Put Q = Pm^T . Consider the following distinguished triangle: 

nr c (Shv,Ri/>g) — ► RT(Sh^,Rtp 3[ g) — ► nr(sh£> v (RipjiG^J A • 
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By |Ber96| Theorem 3.1] and Lemma [2.5[ we have isomorphisms 

mxsi4°\ = i?r((Sh tor )| d ,j,£ ad ), 

Therefore, the natural morphism 

i?r c (Sl%, R^Q) = RY c {^\^h%)^ d ) — ► ^ sl[) -((Sh te )* jtf" 1 ) 

is an isomorphism (note that (Sh* or ) ad \ sp~ 1 (Sh*°> 1 )° = (Sh]>![) c ). This completes 
a proof of the second isomorphism. 

By taking projective limit, we obtain natural isomorphisms 

Hi(Sh ¥ ,R^p m ^) = ^(sp^Sh^p^f) - H{ Shm]> _ i{) ^Sh^,£f) 

in the lemma. It is straightforward to see that the isomorphism 

hm^(Sh F ,i#jw£ ? ) = lim^^^^Sh^^f) 

m m 

is G(Q p )-equivariant. I 
Corollary 4.9 We have the following long exact sequence of G(Q p )-modules: 
■ ■ ■ — > HKShoo^pp, RipCg) — > -£P(Shoo,Kp,?j, £ € ) — > lim jj" I (Sh m j> 1 [ iT? , £ ad ) 

m 

— ► Hi+^Sh^K^RipCs) — > ■ ■ ■ , 
where the action of G(Q P ) on hm^ H l (Sh mt ]>i[^, £ ad ) comes from Proposition ^. 41 

Proof. Write £^ = (J r n )n®Q£, where J-" n is a locally constant constructible ^"-torsion 
sheaf. By the proof of Lemma 14 .7\ we have a natural isomorphism 

On the other hand, by the comparison isomorphism [Hub96l Theorem 3.8.1], we 
have 

Therefore we have the following long exact sequence: 

• ■ ■ — > Hl(Sh KPi jj, Ripp m *F n ) — > H i (Sh. mi KP ! f j ,J : n ) — > _£T(Sh mi ]>i[ i5? , JF^) 
— Y H l c +1 (Sh KP ^, Ripp m *T n ) — > 

On the other hand, clearly H^Shxp^, Ri^p^JF^) and fP(Sh mj #p ^, T^) are finitely 
generated Z/£ n Z-modules for every i, and thus ^(Sh^j^i^, J-^) is also finitely 
generated. Therefore the above exact sequence of projective systems satisfies the 
Mittag-Lefner condition, and the projective limit preserves exactness. By taking 
projective limit with respect to n, tensoring <Q e , and taking inductive limit with 
respect to m, we obtain the desired exact sequence. I 
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Lemma 4.10 Let J 7 he a constructihle £ n -torsion sheaf on Sh m .^. Then, for every 
r > 1, fP(Sh m j> r [ j77 , J 7 ^) is a finitely generated Z/£ n Z-module. 

Proof. Let j : Sh v c — > Sh* or be the canonical open immersion. Then, by [Hub96, 
Theorem 3.7.2, Theorem 3.8.1], |Ber96[ Theorem 3.1] and Lemma 12.5} we have 

^ iP(Sh*£ r , {RiPRj*p m *T)\ Sh ^ r ). 

This is a finitely generated Z/£ n Z-module, as {RipRj^Pm*^)^^ is a constructive 
Z/£ n Z-complex on Sh 



tor 
v,>r ' 



Corollary 4.11 Let r > 1 be an integer. Put V> r = lini^ H l (Sh m ^ >r [^, Cf) and 
v r = lil£ m #sh m , w ^(Sh m j> r [^ Cf). 

i) The group G(Q P ) naturally acts on V> r and V*, and these are admissible G(Q P )- 
representations. 

ii) We have the following long exact sequence of G(Q p )-modules: 

y y i — y vi — y Vi — > V i+1 — y ■■■ . 

' " r ' * >r ' r >r+l ' r r 

Proof. First let us construct the long exact sequence in ii). As in the proof of 
Corollary 14. 9[ write £g = (J r n )„ ® Q^. Obviously we have the following long exact 
sequence: 



' ' ' — > ^sh m , ]r[ ^(Sh m ,]> r [,Tj, J 7 * ) — y H l ($h m ^> r [^, J 7 * ) — y iT(Sh mi ]> r+ i[ i7? , J 7 ^ ) 

Lemma S]T0]tells us that every term of this long exact sequence is a finitely generated 
Z/£ n Z- module. Therefore, as in the proof of 14. 9[ we obtain the long exact sequence 

> V i — yVl — y Vi , n — ► V i+1 — ► • • • 

by taking projective limit, tensoring Q £ and taking inductive limit. 

By Proposition ^. 41 the group G(Q P ) acts on V> r and V*. Clearly they are smooth 
G(Q p )-representations, and the long exact sequence above is G(Q p )-equivariant. 
Moreover, as in the proof of Lemma l4TT| we can easily see that for an integer m > 1, 



(yi r ) K - = iT(Sh mj] >^, Cf), (Vj) K ™ = Hi hm]r JSh m>] > r[ j, £f 



Since H l (Sh m ^> r ^, J 7 ^ ) and f/"g hm )r[ _(Sh m j> r [^, J 7 ^ ) are finitely generated Z/£ n Z- 
modules for every n > 1, H l (Sh m> ]> r [ t ifj, Cf) and #sh m ]r[ ^(Sh m j>r[,7?, Cf) are finite- 
dimensional Q^-vector spaces. Therefore we conclude that V> r and V* are admissible 
G(Qp)-representations. I 
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Proposition 4.12 Let Pi, . . . ,Pk be the parabolic subgroups of Gq p as in Propo- 
sition [3T2 ii). For an integer j with 1 < j < k, let I (J) G Soo be the image of [id] e 
G(Q P )/P,-(Q P ) C LtjLi G{Q P )/Pi(Q P ) under the isomorphism Ui=x G W/ P i(%) = 

constructed in Proposition \3. 71 ii). For m > 1, denote by I(j) m the image of 
under the natural map — >■ S m . Put Wl, = lim Hl h _(Sh m i> r r T7 , £? d ). 

i) For every j with 1 < j < k, we have a natural smooth action of Pj(Q p ) on W*j. 

ii) We have a natural G(Q p )-equivariant isomorphism V* = 0^ Indp^^ 

iii) The G(Q P ) -representation V* is non-cuspidal. 

Proof. First note that Sh m+ i i]r [ i /( i)m+1 is open and closed in P™Vi,m( S1 VM,/Ov)> 
where p m +i, m : Sh m+ i fl — > Sh mjr) denotes the natural transition map; it follows 
from Proposition 13.141 and Proposition 13.151 Therefore the transition map 

jff Sh m , ]r[ , I0)m , w (Sh m J>r[^, Cf ) > H Sh m+li]rlI(j)m+1 ]W ( Sh m+l,]>r[^, Cf ) 

of W*^ is induced. 

Now i) is clear from Proposition 13.151 Let us prove ii). We follow the proof of 
[IM10, Proposition 5.20]. By the Frobenius reciprocity, we have a homomorphism 
of G(Q P )- modules 

k 

3=1 

We shall observe that this is bijective. For an integer m > 1, we have 

>adN (1) 



^Sh mi]r[ ^( Sll mJ>r[^,>C| d ) - (J) ifg hm]r[/ _(Sh mi ]> r[iTJ ,£| d ) 



(2) k 

= \jy vr3 -^sh , , _ lr ,., _(sh m ]> r [^, £? ) 

i=i <yeK" m \G(Q p )/P,(Q p ) 



©07 -^Sh _i r ,., _(Sh m ]> r [7j, £? d ) 

i=i g&K m \K /Pj(Q p )r\K Q 
k 



(4) i ■ / ■ 

- © Ind (P J (^n^o)/(P J (Q P )n^ m ) ^Sh mi]r[ , /(j)m . w ( Sll m J>r[,77, £f d ) 



Here (1) follows from Proposition I3.14[ (2) from Proposition 13. 7\ (3) from the Iwa- 
sawa decomposition G(Q P ) = Pj(Q p )Ko. The isomorphism (4) is a consequence of 
Proposition 13. 151 and |Boy99 , Lemme 13.2]. By taking the inductive limit, we obtain 



-ft"o-i somor phisms 

k 



V ; * Ind«° {Qp)nKo W* r>j A- Ind?^ VT rJ 

3=1 
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(the second map is an isomorphism by the Iwasawa decomposition). By the proof of 
| Boy 99, Lemme 13.2], it is easy to see that the first isomorphism above is nothing but 



the i^Q-homomorphism obtained by the Frobenius reciprocity for Pj(Q p ) HK C K . 
Therefore the composite of the two isomorphisms above coincides with the G(Q P )- 
homomorphism introduced at the beginning of our proof of ii). Thus we conclude 
the proof of ii) . 

Finally consider iii). By ii), we have only to prove that the unipotent radical of 
Pj(Qp) acts trivially on Wfj. By |Boy99 Lemme 13.2.3], it suffices to prove that 



W' - is an admissible Pj(Q p ) -represent at ion. For an integer m > 1, (W* j) j ^ p ' is 
a subspace of (Indp^ W} d ) Km . By ii) and Corollary EH i), (Indpfjj^ W*J) Km C 
(0j=i I n dpj(Qp) Wrj) Km — {Vr) Km is a finite-dimensional Q r vector space. Hence 
• is an admissible Pj(Q p )-representation, as desired. I 

Proof of Theorem \4-S\ By Remark 14.31 and Corollary 14. 9[ it suffices to show that 
V^-y = li m m H t (Sh. m ^ > iijj, Cf) is non-cuspidal for every i. By Corollary 14.111 and 
Proposition |4.12| the non-cuspidality of V> r is equivalent to that of V> r+1 . If r is 
large enough, V> r = 0. Hence we can conclude that V> r is non-cuspidal for every 
r > 1) by the descending induction on r. I 

4.3 Torsion coefficients 



Since our method of proving Theorem 14.21 is totally geometric, we may also obtain 
an analogous result for ^-torsion coefficients. For simplicity, we will only consider a 
constant coefficient F^. As in Section 14. 1| put 

H l c (Sh^ KP ^¥ e ) = lim^(Sh mjif p >?7 ® Ev Ev,Wi), 

m 

H l c (Sh^ KP ^R0 e ) = \unH l c (Sh KP ^R^(p m *W e )). 

m 

They are naturally endowed with actions of G(Q P ) x Ga\(E v /E v ). They are ad- 
missible/continuous G(Q P ) x Gal(i? 1 ,/i?„)-representations; note that if m > 1 we 
have 

F^) = H l c (Sh m , KP fi,W e ), 

since K m is a pro-p group (cf. [MielOat Proposition 2.5]). 

The following theorem can be proven in exactly the same way as Theorem 14.21 

Theorem 4.13 The kernel and the cokernel of the canonical homomorphism 

Hl($\i^ KP ^R0z) — > ^(Shoo^F*) 

have no supercuspidal subquotient of G(Q P ). For the definition of supercuspidal 
representations over We, see \Vig96 11.2.5]. 
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5 Applications 

In this section, we give a very simple application of our main result. Proofs in this 
section are rather sketchy, since the technique is more or less well-known. More 
detailed and general study will be given elsewhere. 

Here we consider the Shimura variety for GU(l,n — 1) over Q. Let F be an 
imaginary quadratic extention of Q and Spl F /Q the set of rational primes over which 
F/Q splits. Fix an integer n > 2 and a prime p G Splp/Q. Consider the integral 
PEL datum (B, Ob, *,V,L,( , ),h) as follows: 

— B = F, Ob = Op and * is the unique non-trivial element of Gal(F/Q). 

— V = F n and L = O n F . 

— ( , ) : V x V — > Q be an alternating pairing satisfying the following conditions: 

• (x, y) G Z for every x,y G L, 

• (bx, y) = (x, b*y) for every x, y G V and b G F, and 

• Gr = GU (1, n — 1) (for the definition of G, see Section l3TTj) . 

'z 



h: C — > End F (V) ® Q M = M n (C) is given by z 



zl, 



n—1 



Put S = {p G Splp/Q | L p = Lp}. Our integral Shimura datum is unramified at 
every p G E. Moreover, for such p, Gq p is isomorphic to GL n (Q p ) x GLi(Q p ) (cf. 
|Far044 §1.2.3]). In this case, the reflex field E is equal to F. To a neat compact 
open subgroup K of G(Z), we can attach the Shimura variety Sh^, which is not 
proper over SpecF. If K = KqK p for some compact open subgroup K p of G(Z P ), 
we have Sh^ = Sh^ P ®o F(p) F, where Sh^ P is the moduli space introduced in Section 



Let us fix a prime number t. Put 



#*(Sh,Q,) = lim^(Sh^® F F, Q e ). 

K 

It is an admissible/continuous G(A°°) x Gal(F/F)-representation over Q e . 

Theorem 5.1 Let U be an irreducible admissible representation of G(A°°) over Q e . 
Assume that there exists a prime p G £ such that Yl p is a supercuspidal representa- 
tion ofG(Q p ). Then H l c (Sh,Q t )[U\ = unless i = n - 1. 

Remark 5.2 For proper Shimura varieties, an analogous result is known ( |Clo91j . 
|HT01[ Corollary IV.2.7]). It would be possible to give an "automorphic" proof of 
Theorem 15. II by using results in |MorlOj . However, the authors think that our proof, 
consisting of purely local arguments, is simpler and has some importance. 

Proof. Let £' be another prime number and fix an isomorphism of fields l: Q e = . 
Then i induces an isomorphism if*(Sh, Q^)[n] = H^Sh, Qgi)[iH], where TI is the 
representation of G(A°°) over Q e , induced by n and l. It is easy to observe that Ii p 
is supercuspidal if and only if (iTl) p is supercuspidal. Therefore, we can change our 
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i freely, and thus we can assume that there exists a prime p G S \ {£} such that U p is 
supercuspidal. Fix such p and take a place v of F lying over p. Then, for an integer 
m > and a neat compact open subgroup K p of G(Z P ), Sh^ mA - P £3>f-^u is isomorphic 
to Sh m Kv tV introduced in Section 13.11 Therefore we have an isomorphism 

^(Sh,Q,) = lim Hi(Sh m!KP>7h Qi) = hmf^Shoo^Q,). 

m,KP KP 

Thus it suffices to show that H^Sh^Kp,^, Qi) [tt] = for a supercuspidal represen- 
tation 7r of G(Q P ), a neat compact open subgroup K p , and an integer i ^ n — 1. By 
Theorem 14. 2[ it is equivalent to showing that if*(Sh DOi .K-p i ! i j, RipQe)^} = 0. 

For an integer h > 0, let Sh^' p v be the reduced closed subscheme of Sh^p^ 
consisting of points x such that the etale rank of ^4 x [f°°] is less than or equal to 
h (cf. [HT01, p. HI]); recall that A denotes the universal abelian scheme over 
Shftfp- Put Sh^] v = Sh^p \ Sh^p" Our proof of the theorem is divided into the 
subsequent two lemmas. I 

Lemma 5.3 For every supercuspidal representation ir of G(Q P ), we have 
i^Shoo^ityQObr] = (ljmif^Shg (Ri/;p m Mt)\ Sh M ))H 

\ ' KP ,v / 

m 

Proof. First recall that our Shimura variety Sh m ^ Pfl has a good integral model over 
O v . For an integer m > 0, consider the functor from the category of (9„-schemes to 
the category of sets, that associates S to the set of isomorphism classes of 6-tuples 
(A,i,\,r] p ,r} v ,r] p>0 ), where 

- [(A,i,\,rf)]eSh KP (S), 

- 7] v : L ® z (v~ m O v /O v ) — > A[v m ] be a Drinfeld w m -level structure (cf. jHTOll 
II.2]), and 

- n P) o: p~ m 7Lj7L — > /i p m S be a Drinfeld p m -level structure. 

Then it is easy to see that this functor is represented by a scheme Sh m) # P which is 
finite over ShR>. Moreover the generic fiber of Sh mj ^- P can be naturally identified 
with Sh mt KP,r) (cf. the moduli problem X[; introduced in |HT01t p. 92]). As in 
[HT01, HI. 4], we can extend the Hecke action of G(Q P ) on (Sh m ^ Pjr) ) m > to the 
tower (Sh m ^p) m > . We have a G(Q p )-equivariant isomorphism 

^(SVjow Rip® t ) = lim Hi(Sh miKP; v, Rij;Q e ) . 

m 

Let us denote by Sh^ KP v (resp. Sh^^J the inverse image of Sh^ p jV (resp. Sl% p J 
under Sh mKP — > Sh KP . For an integer h > 0, it is easy to observe that 

lim W c (ShS (R^PmMe) \ Sh m ) = lim H* e (ShJJ^ (R^Q e ) | w ) , 

m m 

limif:(Sh§ {R^Qi)^) ) = hm#*(Sh^, (Ri>Qi)\ Sh ( h ) ) 

* KP ,v ~ m.KP.v 

m m 
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and that they are admissible G(Q p )-representations. Moreover, by considering the 
kernel of the universal Drinfeld v m -level structure r]^ mv , we can decompose Sh^^ p v 
into finitely many open and closed subsets indexed by the set consisting of direct 
summands of L ®^ (v~ m O v /O v ) with rank n — h (cf. |Boy99, Definition 10.4.1, 



Proposition 10.4.2] and |IM101 Definition 5.1, Lemma 5.3]). Using this partition, we 
can prove that the G(Q p )-representation 

^Hi(sh^ KP ^,(Rm)\ Sh(h) ) 

' m.KP ,v 

m 

is parabolically induced from a proper parabolic subgroup of G(Q P ). Therefore, by 
the same argument as in the proof of Theorem I4.2[ we can conclude that the kernel 
and the cokernel of 

hmtf*(Sh m ,^,i^) — > ^H l c (Sh [ ^ KP -, M ) 

m m 

are non-cuspidal. This completes the proof of the lemma. I 

Lemma 5.4 Let it be a supercuspidal representation of G(Q P ). If i ^ n — 1, we 
have 

(hm^(Sh™ >v , (% m 4)l Sh mj)M = 0. 

m 

Proof. Let /i^: G mj c — > Gc be the homomorphism of algebraic groups over C 
defined as the composite of 

G m> c — &m,C x &m,C — (R-GSc/R G m ,c) ®R C — ^> Gc, 



where (*) is given by C ®r C — > C x C; a <g) b i — > (ab, ab). Fix an isomorphism of 

fields C = Q p and denote by \i : G m q — > Gq the induced cocharacter of Gq . Let 
b be a unique basic element of B(Gq ,a) (for the definition of B(G,a), we refer to 
|Far04l §2.1.1]), and denote by M. the Rapoport-Zink space associated to the local 
unramified PEL datum (F £g>Q Q p , O f ®% Z p , *, V p , L p , ( , },&,//) (cf. |Far04l §2.3.5]). 
The Rapoport-Zink space M. is equipped with an action of the group J(Q P ), where 
J denotes the algebraic group over Q p associated to b (cf. |RZ96|. Proposition 1.12]). 
By |Far04t §2.3.7.1], M is isomorphic to M LT x Q*/Z*, where Mlt is the Lubin- 
Tate space for GL n (Q p ). Furthermore, J(Q P ) is isomorphic to D x x Q*, where D 
denotes the central division algebra over Q p with invariant 1/n. The action of J(Q P ) 
on M is identified with the well-known action of D x xQ p x on Mlt x Qp /Z* . 

By the p-adic uniformization theorem of Rapoport-Zink ([RZ96, Theorem 6.30], 
|Far04l Corollaire 3.1.9]), we have an isomorphism 

\\ I(Q)\M x G(A°°> P )/K p = Sh£ p , 

ker^d^G) 
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where I is an algebraic group over Q satisfying I(A°°) = J(Q P ) x G(A°°> P ) and Sh£, 
denotes the formal completion of Sh KP ® 0v W(¥ p ) along Sh^ p -, the basic locus of 

Sh^- Pj jj. By this isomorphism, we know that Sh^ PIJ , which coincides with Sh^ P as 
topological spaces, consists of finitely many closed points; indeed, the left hand 
side of the isomorphism above is a finite disjoint sum of formal schemes of the form 
r\A4, where T C J(Q P ) is a discrete cocompact subgroup (c/. |Far04t Lemme 3.1.7]). 
Therefore, by |Ber96l Theorem 3.1], we have an isomorphism 

flj(Shg, )P ,(H#m.Q<)| ShM )=H i (Sh [ S PtV1 (R^ Pm .Qt)\ Sh m ) 

I\ P , v KP , v 

^^(Sh m>KP ^(6),Q £ ), 

where Sh miKP (b) = p~ 1 (sp _1 (Sh^ P) J ). 

Now use the Hochschild-Serre spectral sequence |Far04l Theoreme 4.5.12] 

E r / = hmExtS^.^^- 1 )-^^,^)^ - l),A(I)f) 

m 



where A.(I)i is the space of automorphic forms on I(A°°) (see |Far04t Definition 
4.5.8] for detail). Since J(Q P ) = D x x Q* is anisotropic modulo center, it is easy 
to see that = unless r = 0. If r = 0, we have 

771 

where we put H^M^M?) = lu$ m H l c {M Km ,Qe)- 

By |Miel0a] . the G(Q p )-representation He ^ s {-M-oo,Qe){n — 1) has non-zero 
supercuspidal part only if s = n — 1. Indeed, for an irreducible supercuspidal 
representation n = tti <S> X °f G(Q P ), where tti is an irreducible supercuspidal repre- 
sentation of GL n (Q p ) and x is a character of GLi(Q p ), we have 

HiiM^Qe)^} = Hl(M hT , 00 ,Qt)ki}®X, 

as we see in |Far04t p. 168]. Therefore E^ has a supercuspidal subquotient only if 
s = n — 1. 

Hence we can conclude that 

hm#*(Sh^, (Rip Pm *®i)\ Sh m J = \i^H\Sh m , KP ,r,(b),Q e ) 

m ' m 

has non-zero supercuspidal part only if i — n — 1. 1 

We also have a similar result for the torsion coefficient case. For a neat compact 
open subgroup K p of G(Z P ), put 

Hi(Sh KP ,W £ ) = \u^W c (Sh KmKP ® F F,W £ ). 

m 

It is an admissible/continuous G(Q P ) x Gal(F/F)-representation over F^. 
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Theorem 5.5 Let p be a prime in £ \ {£} and it an irreducible supercuspidal Wg- 
representation ofG(Q p ). Then, for every neat compact open subgroup K p of G(Z P ), 
we have H^{Sh. K p,Wi)[n] = unless % = n — 1. 

Remark 5.6 i) Theorem 15.51 for proper Shimura varieties is due to S. W. Shin. 
His method, using Mantovan's formula, is slightly different from ours. 

ii) Using the result in |DatlO] . it is possible to describe the action of Wq p on 
if™ -1 (Stiff? , F^) [ir] by means of the mod-£ local Langlands correspondence. Such 
study has also been carried out by S. W. Shin when the Shimura variety is 
proper. 

Proof. Almost all arguments in the proof of Theorem 15.11 work well. The only one 
point which should be modified is about the vanishing of the supercuspidal part 
of for (r, s) ^ (0,n — 1) in the proof of Lemma 15.41 note that an irreducible 
F^- representation of J(Q p ), being supercuspidal, is not necessarily injective in the 
category of smooth F^-representations of J(Q P ) with the fixed central character. 
For this point, we can use the same argument as that by Shin, in which he uses the 
vanishing of the supercuspidal part if *(.Mlt,oo, F^) sc for i ^ n — 1 (c/. |DatlOt proof 
of Proposition 3.1.1, Remarque 3.1.5]) and the projectivity of the D x -representation 
if?" 1 (Mlt,oo,F £ ) sc (cf. [DatTUl §3.2.2, Remarque iii)]). I 
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